The authors utilize the harmonic wavelet transform and successfully detect minute signs of small fault in a periodic monitored signal. It is important for the effectual detection of the minute signs to reduce the obstructive noise and edge effect. The edge effect is a peculiar phenomenon to wavelet transform and hampers effective detection. The authors devised useful methods to reduce the obstructive noise and the edge effect. Even if no visible information pertaining to a fault appeared in the monitored waveform, a minute sign of a small fault was successfully captured by the proposed method. In this paper, we extend the proposed technique to an important practical application. A fault generated in a gear tooth is focused on. It is demonstrated that our technique is capable of detecting minute signs arising from a small fault in a gear tooth operated in a constant rotating speed.
Introduction
An early detection of faults in machinery is very important in order to avoid fatal damage and serious accidents involving machines and structures. Usually, periodic or quasi-periodic signals are monitored from machinery in ordinary operation and fault signs are synchronous to the periodic signals. The signs are very small when the fault is at an early stage, and monitored signals are usually hampered by noises. Consequently, it is very difficult for ordinary techniques to detect minute fault signs.
The wavelet transform (1) - (3) enables us to do time-frequency analysis. It is occasionally utilized to detect local abnormalities in periodic motion since the time-frequency analysis is sensitive to local abnormalities. Since signs of abnormality are usually caused by slight collisions or rubbing in the machine element, they are apt to appear in the high frequency ranges of the wavelet component. However, obstructive noise also exists in the high frequency range and it impedes the detection of abnormality in the wavelet component. It is difficult to only reduce the noise and to keep the significant component related to the fault because both the noise and the significant components exist in the same frequency range. Therefore, the application of the band pass filtering technique is improper in this case. It reduces not only the noise but also the significant components. There has been much research conducted in this field, but in many cases, detectable signals related to fault are relatively large because of the problem of noise. Furthermore, it is well known that "fish-fin" like false waves, called the "edge effect" or "end effect" (4) - (7) , appear in the wavelet transform. The edge effect has maximum fluctuation at both ends of the wavelet components and also obstructs an effectual detection of fault. It is also desirable to reduce the edge effect and to keep significant signal component. In our previous report (8) , we adopted the harmonic wavelet transform (9) , (10) in order to detect minute signs of fault in a monitored signal. We devised useful methods to reduce the main causes obstructing the fault detection, i.e., noise and edge effect. The target was to detect the minute signs of faults synchronous to the periodic signals of an operated machine, and we succeeded in detection of the minute signs (8) . In this paper, we extend the proposed method to an important practical application. A fault generated in a gear tooth is focused on. The feasibility of our technique is demonstrated through an experiment. The monitored signal is hampered by a lot of noises. In addition, some irregularities, which do not pertain to the fault, are observed in the signal. In such a case, our techniques effectively work. The noise is considerably reduced and the irregularities are smoothed. Moreover, the edge effect hardly appears in the wavelet component. It is demonstrated that our technique is capable of detecting minute signs arising from a small fault in a side face of a gear tooth operated in a constant rotating speed.
Harmonic Wavelet Transform
A mother wavelet of the harmonic wavelet transform (9) 
where i is an imaginary unit. The Fourier transforms of ( ) t φ and ( ) t ψ are represented as follows: ( )
Substituting the argument t by 2 j t , the frequency components of (2 ) j t (9) . Thus, an arbitrary signal waveform ( ) f t can be represented as:
where the notation cc represents the complex conjugate of each element included in the summations of the right hand side. Here, the signal is supposed to be real. Considering the complex conjugate of Eq. (3), the summations, with respect to k, are replaced as follows: 
, is represented as follows (9) :
The expression (5) We can find small spikes and distributed noises. Fault signs in a monitored signal, which are represented as spikes in this case, are apt to appear in the high level of the wavelet component. Hence, a wavelet component of level 7 ( 3 n = − ), 7 ( ) g t is shown in Fig. 1(b) , and several pulses are found in the wavelet component. However, a fish-fin like wave is generated at both ends of the wavelet component, and it impedes the finding of the pulses. This fish-fin like wave is called "edge effect" or "end effect" (4)- (7) . It is pseudo information on the wavelet component and obstructs the fault detection. The edge effect is also generated in the other level of the wavelet components. The target in this paper is to detect the fault signs synchronizing with the operating speed. However, it is not clear that the pulses in 7 ( ) g t are synchronizing with the waveform ( ) f t . The edge effect is mainly caused by the discontinuity at the initial and final points of the waveform, i.e., it corresponds to the Gibbs phenomenon of the Fourier transform. The application of window functions, such as the Hanning and the Hamming window, is a probable method to reduce the edge effect. Figure 2 shows the application of the Hanning window to the waveform shown in Fig. 1 respectively. We cannot clearly find the pulses, which signify a fault, in Fig. 2(b) . The significant information related to the pulses is also reduced by the window function. Thus, window functions are not suitable for the reduction of the edge effect. It is necessary to reduce only the edge effect and to keep the significant information related to the fault, that is, following useful method (8) is preferable.
Since the edge effect is mainly caused by a discontinuity at both ends of a waveform, the edge effect hardly appears in the case that the HWT is applied to a signal in which the initial and final points are continuous to each other. The target is a machine element in an ordinary operation and the response of the element is regarded as a periodic or quasi-periodic motion. Thus, a monitored signal in which the length corresponds to several specific periods of operating speed satisfies the continuity of the initial and final points. However, it is very difficult to treat a signal which satisfies not only the smooth connection of both ends, but also the number of data points N = 2 n . For instance, if five periods of Fig 
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Vol. which indicates the octave band. Therefore, replacing the relationship of Eq. (6) with the argument from 2π to 2πα is valid, and the IFFT is still able to calculate the coefficients , j k a . However, the highest frequency range of level 2 n − occupies the region of 6), as a simultaneous equation, but we omit these coefficients in order to simplify the calculation. It is important to use a suitable sampling rate so that the fault signs can be distinctly detected within the level 3 n − . The alteration in the HWT for the number of data points N' ≠ 2 n is summarized as :
(1) The general discrete complex Fourier transform is used for the calculation of l F as an alternative to the FFT.
(2) The component of the highest level 2 n − is not used. Figure 4 shows the result of the present method to reduce the edge effect. Figure 4 (a) is identical to Fig. 1(a) . Five periods of ( ) f t (the number of data points is N' = 940) were applied to the HWT. The highest wavelet component level 7 ( 3 n − , 10 n = ), 7 ( ) g t ′ is shown in Fig. 4(b) , where we define ( ) j g t ′ as the wavelet component of level j provided by the proposed method. The edge effect was sufficiently reduced, so that we can clearly find the periodic pulses in 7 ( ) g t ′ . All the spikes in the waveform ( ) f t , which represent the fault signs in this case, are recognized by the pulses. The reduction of the edge effect made the periodicity of the pulses clear, and it is evident that the pulses (fault signs) are synchronizing with ( ) f t . We have confirmed that the edge effect do not appear in the other wavelet levels. The proposed method makes effective use of the relationship between the Fourier transform and the HWT.
The reduction of the edge effect was explained with respect to the ideal waveforms shown in Figs. 1, 2 and 4 , where the waveforms were composed of almost a single frequency. However, actual conditions are not ideal. There are other frequency components 
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in addition to a dominant frequency even if the machine is in a steady state of operation. Figure 5 shows an example of a monitored signal. The period and amplitude of the wave are slightly fluctuating. Generation of the edge effect is unavoidable because a choice of a waveform in which both ends are closely continuous is almost impossible. However, it does not become a serious problem because the edge effect is comparatively small. This will be demonstrated through actual application in §4.
Reduction of noise
Significant information related to faults is apt to appear in the high frequency range of the wavelet components. On one hand, actual monitored signals also include a lot of noise in the high frequency range. Use of a band pass filtering technique is not applicable in this case, because it reduces not only the noise but also the fault identifying signs. The authors made effective use of the characteristics of fault signs, synchronizing with the operating speed, and proposed a useful method to reduce the noise (8) , which is reviewed in the following. The noise is assumed to be like white noise. A monitored signal is modeled as ( ) f t of Fig. 5 . The period and amplitude of the signal is slightly fluctuating. A waveform 0 ( ) f t is clipped from ( ) f t as shown in Fig. 5 . The length of the clipped waveform should be close to the several periods of the operating speed in order to avoid the edge effect. Clipping of waveforms ( ) . It is convenient to use a fixed shifting parameter T for data processing, where nearly one period of the operating speed is deemed reasonable. However, there is little possibility for the parameter T to coincide closely with one period of the operating speed because the operating speed is assumed to be fluctuating. It implies that all the clipped waveforms are not in phase with respect to the operating speed, that is, the fault signs in each waveform ( ) k f t do not appear synchronously. Since the noise is assumed to be white noise, a simple averaging in time domain:
is an effective measure to cancel the noise. However, it also cancels the signs identifying a fault because the signs in each waveform are not in phase. Thus, it is important to ensure the waveforms are in phase with respect to operating speed in order to keep the fault signs throughout the averaging.
The general discrete complex Fourier transform is applied to each waveform ( ) k f t because of the data points N' ≠ 2 n , and the complex Fourier coefficients 
Note that the phase of each frequency component where α in Eq. (8) is the same as the α in Fig. 3 . Each of the waveforms ( ) 
The relationship between the averaged Fourier coefficients av l F and the wavelet coefficients are the same, as in Eq. (6), so that the IFFT is applicable to obtaining the wavelet coefficients.
It is difficult for the binary wavelets (1)- (3) to adopt the same approach because the binary wavelets do not have the high frequency resolution described in Eq. (2), and can not exactly decide the operating speed, which corresponds to the An example of the reduction of noise and edge effect is shown in Fig. 6 . This signal (acceleration) was acquired from slightly loose coupling subjected to harmonic excitation in our previous study (8) . The measured acceleration and wavelet component 9 ( ) g t are shown in Fig. 6(a) and (b) , respectively. We can not find any information from the wavelet component Fig. 6(b) . On one hand, the wavelet component through the noise reducing process is shown in Fig. 6(c) . Five periods of the waveform was used in order to avoid the edge effect, and the number of averaging M=64. We can find periodic pulses which were probably caused by slight impulses generated in the loose coupling. Our technique effectively reduced the noise and edge effect and successfully detected the fault signs (periodic pulses). The number of the clipped waveforms M is empirically determined. The noise reduction is insufficient at a small number of M. Too many number of M makes the significant information pertaining to fault obscure. Thus, an adequate number of M is chosen on a case-by-case. In the experiment in §4, M=64 is also chosen.
Detection of a Small Fault in a Gear Tooth
We apply the HWT with reducing the edge effect and noise to widely used mechanical element, toothed gear, and confirm the feasibility of the proposed method through an experience. As described in §3, it takes considerable computational costs in applying the reducing techniques of the noise and edge effect to the usual binary wavelets. Only the proposed HWT is implemented here.
There are some faults generated on a side face of a gear tooth, for example, pitting, spalling, abrasive wear, etc., and thus, it is desirable for us to treat these actual faults. However, before the actual application, we try to investigate the basic capability of the proposed method to detect a fault on a gear tooth. Thus, an artificial fault is treated here. A side face of a gear tooth is gradually filed off, and the filed tooth is regarded as a fault.
A sketch of an experimental apparatus is shown in Fig. 7 . A teeth number of driving gear (pinion) is 25 and that of driven gear (wheel) is 36. Module and pressure angle of both gears are 3 and 20°, respectively. The driving gear rotates at a constant speed, 300 rpm (5 Hz). A gear profile is shown in Fig. 8 . One side face of a gear tooth of the driving gear is filed off. The location of filing off is indicated in Fig. 8 . The entire face is slightly and gradually filed off. An accelerometer is mounted on the driving gear near the fault, as shown in Fig. 8 , and the acceleration, of which direction is indicated in Fig. 8 , is monitored. The monitored acceleration is transmitted to an amplifier through a collector ring. The accelerometer rotates with the driving gear. This approach to monitor the signal is undesirable for an actual use. It is well known that a collector ring generates a lot of noise. The signal of gear rotation should be monitored at a static position without a collector ring, for example, on the bearing, etc. However, this is a basic study of the proposed method, and we aim to obtain certain information pertaining to a fault. Thus, the accelerometer is mounted near the fault, filed off gear tooth in this case. On one hand, from a point of view to confirm that the noise reducing technique works or not, such a noisy signal is useful.
In the experiment, the side face of the target tooth is slightly filed off, then the gears rotated at constant speed and the proposed HWT is applied to the monitored acceleration. After that, the side face of the tooth is slightly filed off again, and the HWT is implemented. This process is repeated. Sampling rate and data length are 0.05 ms and 30 s, respectively. The accelerations observed through the collector ring show undulations synchronizing with 
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Vol. the rotation, which are observed in Figs. 9(a) ~ 14(a). These undulations were caused by a characteristic of the collector ring. Conversely, we are able to observe the rotation of driving gear from the undulation. Since the artificial fault exist in driving gear, the fault signs appear synchronizing with the driving rotation. Thus, the Fourier coefficient corresponding to the undulation is regarded as the operating speed, and this component is utilized as
. 64 waveforms 0 6 3 ( ), ... , ( ) f t f t are clipped from the measured acceleration [M=64 in Eq. (7)], and each of them includes almost four periods of the rotating speed in order to avoid an appearance of the edge effect. The number of data points N' is respectively. The frequency region of level 9 occupies 316~631 Hz. Since the wavelet component of level 9 most clearly expresses the fault signs, only the component is listed.
The abnormality detected by the wavelet transform is a kind of discontinuity in the monitored waveform. Although the abnormality is apt to be detected in the high level of the wavelet component, there is a matter of degrees of discontinuity, which is expressed as a differentiable order. While high discontinuity (low differentiable order) is detected in the highest level of the wavelet component (8) , low discontinuity (high differentiable order) is apt to appear in the lower level than the highest one. Therefore, we have to monitor all the levels of the wavelet component and find an abnormality growing with the fault in a certain level. The fault signs often appear in two or three levels of the wavelet component. In this case, the component of level 9, which is not the highest level 11 (= n − 3, n = 14), most clearly expresses the fault signs. The averaged waveform ( ) av f t is displayed for reference, it is not used for the HWT as mentioned in §3.2. The noise is sufficiently reduced and some irregularities are smoothed in ( ) av f t through the noise reducing process. In many cases, the collector ring usually has a serious problem because of the noise. It is shown that the proposed noise reducing technique effectually worked and the noise is considerably reduced. The gear meshing frequency (5Hz×25=125Hz) is confirmed in both the measured and averaged accelerations. The edge effect hardly appears in the wavelet component 9 ( ) g t ′ since almost four periods of the waveform was clipped.
In the result of filing off 0 µm, there are periodic signs in the wavelet component, which are enclosed with circles in Fig. 9(c) . We do not regard these signs as fault signs because fault signs show more impulsive signals. These signs were probably caused by the slight misalignments in the experimental apparatus, for example errors involved in gear meshing, parallelism of rotating shaft, etc. On one hand, we have confirmed that the artificial fault on the driving gear (the fault did not exist in Fig. 9 yet) contacts driven gear at the points indicated by arrows in Fig. 9(c) . There are no signs at these points because of no fault. The contact points between the artificial fault and the driven gear are similarly indicated in Figs. 10(c) ~ 14(c) by arrows.
In the result of filing off 50 µm (Fig. 10) , there is little difference of the wavelet component Fig. 10(c) from Fig. 9(c) . The signs enclosed with circles in Fig. 9 (c) become smaller in Fig. 10(c) . The wavelet component is slightly disturbed at the filing off 80 µm, Fig. 11(c) . Pulses appear for the first time at the points indicated by arrows at the filing off 120 µm, in Fig. 12(c) . It shows that the fault on the gear tooth is detected by the pulses in this stage. We suppose that a discontinuity of the gear meshing due to the filing off is detected by the HTW. The pulses indicated by arrows grow in Figs. 13(c) and 14(c), that is, these pulses become larger as the amount of filing off increases (150 µm and 180 µm). On one hand, the signs observed from the 0 µm filing off, which are enclosed with circles in Fig. 9(c) , still remained, but did not monotonously grow with the amount of the filing off. The amplitudes of these signs grew at the filing off 120 and 150 µm but decreased at 180 µm. A certain force acted on the experimental apparatus as the tooth was artificially filed off. We suppose that the force had an effect on the misalignments and it followed the fluctuation of these signs.
It is concluded that the artificial fault on a side face of the gear tooth was detected by the proposed HWT. Although the fault signs at filing off 180 µm are barely found as small periodic disturbances in the averaged acceleration ( ) av f t in Fig. 14(b) , there are no information pertaining to the fault in Figs. 12(b) and 13(b) . The sound of gear rotation was almost same from the filing off 0 µm to 150 µm. The sound slightly changed at the filing off 180 µm. Hence, the proposed HWT was able to successfully detect the fault at the relatively early stage, before it was detected from waveforms or sound.
In this study, the fault was detected by acceleration monitored near the fault, and the accelerometer rotated with the gear. This monitoring is not suitable for an actual use. More convenient signal, for example, acceleration observed at a bearing should be utilized. In addition, the case in which a fault exists in driven gear, combination of two or more faults, and fault in a gear train should be considered. These are future work.
Conclusion
We tried to detect minute signs arising from a small fault in a gear tooth operated in a constant rotating speed. The harmonic wavelet transform and two additional techniques, reduction of noise and edge effect, devised by authors were utilized. The target of our techniques was to detect the minute signs of a fault synchronous to the periodic signals. In this study, the fault was a slight filing off on a side face of a gear tooth, and it was a basic model of pitting, spalling, abrasive wear. The fault was generated in a driving gear. The acceleration measured near the fault was provided for the HWT. The noise reducing technique effectively worked and large noises were considerably reduced. The edge effect hardly appeared in the wavelet component by the proposed technique. The HWT successfully detected the small fault signs at an early stage.
